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$\mathbb{C}^{2}$ . $\Vert\cdot\Vert$ absolute
$\Vert(|x|, |y|)\Vert=\Vert(x,y)\Vert(\forall(x,y)\in \mathbb{C}^{2})$
. $\Vert\cdot\Vert$ normalized $\Vert(1,0)\Vert=\Vert(0,1)\Vert=1$ .
$AN_{2}=$ { $||\cdot||$ : absolute normalized norms on $\mathbb{C}^{2}$ }.
. $\ell_{p}-norm\Vert\cdot\Vert_{p}$ absolute normalized norm :
$||(x, y)\Vert_{p}=\{\begin{array}{ll}(|x|^{p}+|y|^{p})^{1/p} (1\leq p<\infty),m\text{ }(|x|, |y|) (p=\infty).\end{array}$
Proposition 1.1 ([1]) $\psi\in\Psi_{2}$ . $(x,y),$ $(z,w)\in \mathbb{C}^{2}$ . $|x|\leq|z|$
$|y|\leq|w|$
$\Vert(x,y)\Vert_{\psi}\leq\Vert(z,w)\Vert_{\psi}$ .
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$||\cdot||\in AN_{2}$ ,
$\psi(t)=||(1-t,t)||$ $(0\leq t\leq 1)$ .
$\psi$ $[0,1]$ . $\cdot$
$\psi(0)=\psi(1)=1$ , $\max\{1-t,t\}\leq\psi(t)\leq 1$ .
$\backslash$
$\psi$ $\Psi_{2}$ .
Theorem 1.2 (cf. [4]) $\psi\in\Psi_{2}$
$||(x,y)||_{\psi}=\{\begin{array}{ll}(|x|+|y|)\psi(\ovalbox{\tt\small REJECT}) ((x,y)\neq(0,0))0 ((x,y)=(0,0))\end{array}$
. $||$ : $||_{\psi}\in AN_{2}$
$\psi(t)=||(1-t,t)||_{\psi}(0\leq t\leq 1)$ .
, $AN_{2}$ $\Psi_{2}$ .
$X,$ $Y$ $\psi\in\Psi_{2}$ , $X\oplus Y$
:
$\Vert(x,y)\Vert$ $:=\Vert(\Vert x..|, \Vert y\Vert)\Vert\sim$ .
Banach $X,Y$ $\psi$- , $X\oplus_{\psi}Y$ .
Example 1.3 $(i)\psi=.\psi_{p}$ $X\oplus_{\psi_{p}}Y=X\oplus_{p}Y$
$(ii)1/2\leq\alpha\leq 1$ .
$\psi_{\alpha}(t)=\{\begin{array}{ll}\frac{\alpha-1}{\alpha}t+1 if 0\leq t\leq\alpha.t if \alpha\leq t\leq 1\end{array}$
. $\psi_{\alpha}\in\Psi_{2}$ ,




Clarkson modulus of convexity Lindenstrauss modulus
of smoothness .
$X$ , $X$ $Sx=\{x\in X : \Vert x\Vert=1\}$ .
$X$ modulus of convexity $\delta x$ :
$\delta_{X}(\epsilon)=\inf\{1-\frac{\Vert x+y\Vert}{2}$ : $x,y\in S_{X},.\Vert x-y\Vert\geq\epsilon\}$ .
$\epsilon>0$ , $\delta_{X}(\epsilon)>0$ , $X$ uniformly convex .
$\epsilon>0$ , $\delta_{X}(\epsilon)>0$ , $X$ umlformly non-square .
$X$ modulus of smoothness $\rho x$ :
$\rho_{X}(t)=\sup\{\frac{\Vert x+ty||+\Vert x-ty\Vert}{2}-1$ : $x,y\in s_{X}\cdot\}$ ,
$\lim_{tarrow 0}\cdot\frac{\rho x(t)}{t}=0$ , $X$ uniformly smooth .
Deflnition 2.1 (Clarkson) $X$ ,
$C_{NJ}(X)= \sup\{$ $\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{2(||x||^{2}+||y\Vert^{2})}\cdot:(x,y)\neq(0,0)\}|$
. von Neumrn-Jordan .
Proposition 2.2 (i) $X$ , $1\leq C_{NJ}(X)\leq 2$ . , $X$
$C_{NJ}(X)=\cdot 1$
1
(ii) $X$ , $C_{NJ}(X)=C_{NJ}(X^{*})$ (by Kato-Takahashi)
(iii) $X$ uniformly non-squarte $C_{NJ}(X)<2$ (by $Kato- Tabhashi$)
$’$
.




Definition 2.3 ([7]) $X$ , $[0,1]$ $\gamma x$
$\gamma_{X}(t)=\sup\{\frac{\Vert x+ty\Vert^{2}+\Vert x-ty\Vert^{2}}{2}$ : $x,.y\in s_{X}\}$
.
Proposition 2.4 ([7]) (i): $1\leq 1+t^{2}\leq\gamma_{X}(t)\leq(1+t)^{2}\leq 4$ .
(ii):
$C_{NJ}(X)= \sup\{\frac{\gamma_{X}(t)}{1+t^{2}}$ : $0\leq t\leq 1\}$ .
Theorem 2.5 ([7]) $X$ . , $X$
, $t\in[0,1]$ $\gamma_{X}(t)=1+t^{2}$ .
Theorem 2.6 ([7]) $X$ . .
(i) $X$ uniformly non-square.
(ii) $t\in(O, 1$ ] $\gamma x(t)<(1+t)^{2}$ .
$t$ (iii) $t\in(0,1$] $\gamma_{X}(t)<(1+t)^{2}$ .
Theorem 2.7 ([7]) $X$ $\ell_{p^{-}}space$
$\gamma_{\ell_{p}}(t)=\{\begin{array}{l}(\frac{(1+l)^{p}+(.1-t)^{p}}{2})^{2/p}2\leq p<\infty(1+t)^{2}p=\infty\end{array}$
.3 $\psi$-
The modulus of smoothness $\gamma x$ .
Definition 3.1 $X$ , $\psi,$ $\varphi\in\Psi_{2}$ . $[0,1]$
$B_{X,\varphi,\psi}(t)$
$B_{X,\varphi,\psi}(t)= \sup\{\frac{||(x+ty,x-ty)\Vert_{\varphi}}{\Vert(1,t)\Vert_{\psi}}$ : $x,y\in s_{X}\}$ .
.
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Theorem 3.4 (Mitani-Saito) $X$ , $\psi,$ $\varphi\in.\Psi_{2}$ . $\varphi(t)>$
$\psi_{\infty}(t)$ for all $s\in(0,1)$ . :
(i) $X$ uniformly non-square.
(ii) $t\in(O, 1$ ] $B_{X,\varphi,\psi}(t)< \frac{2\varphi(\frac{1}{2})}{\psi(\frac{t}{1+t})}$.
(iii) $t\in(0,1$] $B_{X,\varphi,\psi}(t)< \frac{2\varphi(\frac{1}{2})}{\psi(\frac{t}{1+t})}$ .
Theorem 3.5 (Mitani-Saito) $X$ $\psi,$ $\varphi\in\Psi_{2}$ . $\varphi\geq\psi_{2}$
$\varphi/\psi_{2}$ $s=1/2$ . $t\in(O, 1)$ . ,
$B_{X,\varphi,\psi}(t).= \frac{2(1+t^{2})^{\frac{1}{2}}\varphi(\frac{1}{2})}{(1+t)\psi(\frac{t}{1+t})}$ .
Theorem 3.6 (Mitani-Saito). $X$ , $\psi,$ $\varphi\in\Psi_{2}$ . $\varphi\leq h$
$\varphi/\psi_{2}$ $s=1/2$ . $\varphi$ $B_{X,\varphi,\psi}(1)=\sqrt{2}$ $X$
.
31
Theorem 3.7 (Mitani-Saito) $2\leq p<\infty$ $\psi,$ $\varphi\in\Psi_{2}$ . $\varphi\geq\psi_{p}$
$\varphi/\psi_{p}$ $t=1/2$ .
$B_{L_{p},\varphi,\psi}(t)=2^{1-1/p} \psi(1/2)\frac{((1+t)^{p}+(1-t)^{p})^{1/p}}{(1+t)\psi(\frac{t}{1+t})}$ .
$\psi\in\Psi_{2}$ , $\tilde{\psi}\in\Psi_{2}$ $\overline{\psi}(s)=\psi(1-s)$ .
$A=(\begin{array}{l}11\cdot 1-1\end{array})$
$\ell_{\psi}^{2}(X)=X\oplus_{\psi}X$ . $\ell_{\psi_{p}}^{2}(X)=l_{p}^{2}(X)$ .
Proposition $\cdot 3.8$ (Mitani-Saito) $X$ $\psi,$ $\varphi\in\Psi_{2}$ .
(i)
$||A:\cdot\ell_{\psi}^{2}(X)arrow\ell_{\varphi}^{2}(X)||=\Vert A$ : $p_{\tilde{\psi}^{(X)}}2arrow p_{\tilde{\varphi}}2(X)\Vert$ .
(ii)
$\Vert A$ : $\ell_{\psi}^{2}(X)arrow\ell_{\varphi}^{2}(X)\Vert=0\leq t\leq 1\mathfrak{W}p\max\{B_{X,\varphi,\psi}(t),B_{X,\tilde{\varphi},\tilde{\psi}}(t)\}$ .
, $\psi$ $\varphi$ $s=1/2$ ,
$\Vert A:\ell_{\psi}^{2}(X)arrow P_{\varphi}^{2}(X)\Vert=\sup_{0\leq t\leq 1}B_{X,\varphi,\psi}(t)$ .
, .
Theorem 3.9 (Mitani-Saito [2]) $\psi,$ $\varphi\in\Psi_{2}$ . $\psi\neq\psi_{1}$ $\varphi(t)>\psi_{\infty}(t)$ for
all $8\in(0,1)$ . , $X$ uniformly non-square
.
$\Vert A$ : $\ell_{\psi}^{2}(X)arrow\ell_{\varphi}^{2}(X)\Vert<\frac{2\varphi(\frac{1}{2})}{\psi(t_{0})}$
, to $\psi$ .
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Corollary 3.10 (Takahashi-Kato [5]) $X$ , .
(i) $X$ uniformly non-square.
(ii) (resp. ) $P(1<p<\infty)$
$\Vert A$ : $\ell_{p}^{2}(X)arrow\ell_{p}^{2}(X)\Vert<2$.
(iii) (resp. ) $r$ $s(1<r\leq\infty, 1\leq s<\infty)$
$\Vert A:\ell_{r}^{2}(X)arrow l_{\epsilon}^{2}(X)\Vert<2^{1/r’+1/\epsilon}$ ,
. $1/r+1/r’=1$ .
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